A new nine-dimensional potential energy surface (PES) for methane has been generated using state-of-the-art ab initio theory. The PES is based on explicitly correlated coupled cluster calculations with extrapolation to the complete basis set limit and incorporates a range of higher-level additive energy corrections. These include:
I. INTRODUCTION
As a key atmospheric molecule the infrared spectrum of methane (CH 4 ) has been the subject of numerous studies. Its complex polyad structure is beginning to be explored in greater detail at higher energies, and there is strong motivation to continue working towards the visible region to aid the study of exoplanets. 27 Variational calculations from first principles were recently used in conjunction with an experimental line list 28 to assign a significant number of vibrational band centers in the icosad range (6300-7900 cm −1 ). 25 This kind of analysis could prove extremely useful for more congested regions and its success depends on having a reliable potential energy surface (PES) to work with.
The construction of highly accurate PESs for small polyatomic molecules has seen remarkable progress in recent years. It is now possible to compute vibrational energy levels within "spectroscopic accuracy" (better than ±1 cm −1 ) using a purely ab initio PES. [29] [30] [31] [32] [33] [34] To do so requires the use of a one-particle basis set near the complete basis set (CBS) limit, and the consideration of additional, higher-level (HL) contributions to recover more of the electron correlation energy. 35, 36 Although computationally demanding, these can be routinely calculated with most quantum chemistry codes.
A number of accurate PESs for CH 4 have been reported in the literature. 30, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] These include purely ab initio surfaces, 30, 37, [41] [42] [43] 48 and those which are based on ab initio calculations but have subsequently been refined to experiment. [38] [39] [40] [44] [45] [46] [47] The most rigorous ab initio treatment to date was by Schwenke 30 who accounted for several HL contributions. Corrections to the full configuration interaction (CI) limit, core-valence (CV) electron correlation,
F12
. 58 The frozen core approximation was employed and calculations used the diagonal fixed amplitude ansatz 3C(FIX) 59 with a Slater geminal exponent value of β = 1.0 a −1 0 . 60 For the auxiliary basis sets (ABS), the OptRI, 61 cc-pV5Z/JKFIT 62 and aug-cc-pwCV5Z/MP2FIT 63 were used for the resolution of the identity (RI) basis and the two density fitting (DF) basis sets, respectively. Calculations were carried out with MOLPRO2012 64 unless stated otherwise.
To extrapolate to the CBS limit we used the parameterized, two-point formula
The coefficients F C n+1 , which are specific to the CCSD-F12b and (T) components of the total CCSD(T)-F12b energy, had values of F CCSD−F12b = 1.363388 and F (T) = 1.769474. 60 No extrapolation was applied to the Hartree-Fock (HF) energy, rather the HF+CABS (complementary auxiliary basis set) singles correction 57 calculated in the larger basis set was used.
The contribution from core-valence (CV) electron correlation ∆E CV was computed at the CCSD(T)-F12b level of theory with the F12-optimized correlation consistent core-valence basis set cc-pCVTZ-F12. 65 Calculations employed the same ansatz and ABS as used for E CBS , however, the Slater geminal exponent was changed to β = 1.4 a
−1
0 . Higher-order (HO) correlation effects were accounted for using the hierarchy of coupled Although it is computationally demanding to calculate the HL corrections at every grid point, it is actually time-effective given the system size, levels of theory and basis sets used.
Timing data is shown in Table I and we see it takes just over 15 minutes to compute all the contributions in Eq.
(1) at the equilibrium geometry. Naturally this time will increase as we stretch and bend the molecule due to slower energy convergence, with calculations needing at most 2-3 times longer for highly distorted geometries.
Alternatively, one can compute each HL correction on a reduced grid, fit a suitable analytic representation to the data and then interpolate to other points on the global grid (see Refs. 31 and 33 for examples of this strategy). For more demanding systems this approach can significantly reduce computational time, however, obtaining an adequate description of each HL correction requires careful consideration and may not be straightforward. These issues are avoided in our present approach.
B. Analytic representation
The XY 4 symmetrized analytic representation employed for the present study has previously been used for methane 45, 46 and silane. 34 Morse oscillator functions describe the stretch coordinates,
where a = 1.845Å −1 and the reference equilibrium structural parameter r ref = 1.08594Å
(value discussed in Sec. IV B). For the angular terms we use symmetrized combinations of interbond angles,
The potential function,
which has maximum expansion order i + j + k + l + m + n + p + q + r = 6, is composed of the terms
where V ijk... are symmetrized combinations of different permutations of the coordinates ξ i , and transform according to the A 1 representation of the T d (M) molecular symmetry group.
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The terms in Eq. (10) are found by solving an over-determined system of linear equations in terms of the nine coordinates given above. In total there are 287 symmetrically unique terms up to sixth order, of which only 110 were employed for the final PES. 
were utilized in the fit. Here,Ẽ 
III. VARIATIONAL CALCULATIONS
The general methodology of TROVE is well documented 53, 54, 81 and calculations on methane have previously been reported. 45, 46 We therefore summarize only the key aspects relevant for this work.
The rovibrational Hamiltonian was represented as a power series expansion around the equilibrium geometry in terms of the nine coordinates introduced in Eqs. (3) to (8 A multi-step contraction scheme was employed to construct the vibrational basis set, the size of which is controlled by the polyad number,
and this does not exceed a predefined maximum value P max . As shown in Fig. 1 , the size In TROVE the eigenvalues and corresponding eigenvectors are assigned with quantum numbers based on the contribution of the basis functions φ n k . To be of spectroscopic use it is necessary to map these to the normal mode quantum numbers v k commonly used. For to TROVE calculations with respect to P max . We use the exponential decay expression,
where E i is the energy of the ith level,
is the corresponding energy at the CVBS limit, A i is a fitting parameter, λ i is determined from
and the values of P max = {10, 12, 14}.
Briefly commenting on the accuracy of the CVBS extrapolation itself, similar to electronic structure theory the use of larger basis sets is always preferable for the extrapolation. Highly excited modes benefit the most as convergence is much slower, however, at higher energies the increased density of states makes it harder to consistently identify and match energy levels for different values of P max . To ensure a reliable extrapolation we have also found that
In the following comparisons we have collected, to the best of our knowledge, all J = 0 energies that have been accurately determined from experiment (see Manca Tanner and Quack 86 for a discussion of the experimental uncertainties associated with methane spectra).
Although very minor discrepancies occasionally occur between different studies, the majority of vibrational term values up to the tetradecad region (up to 6300 cm −1 ) are fairly well established. Progress is being made in the icosad range (6300-7900 cm −1 ) and a large number of levels have recently been assigned 24,25 using the WKLMC line list. 28 At even higher energies several vibrational band centers have been measured and assigned by means of an assignment of their P(1) transitions up to about 11 300 cm −1 . Six energy levels in the tetradecad region have not been included in Table II 26 may need further refinement in the tetradecad region.
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For the icosad region and above, shown in Table IV and Table V compared to the recent value published by Rey et al. 25 .
Three term values from Ulenikov et al. 20 above 10 000 cm −1 could not be confidently identified in TROVE. The increased density of states and approximate TROVE labelling scheme can make it difficult to unambiguously discern certain levels. Regardless, from Table IV and Table V it is evident that the CBS-F12 HL PES provides a reliable description at higher energies and there does not appear to be any significant deterioration in accuracy (see Fig. 2 for an overview of the residual errors for all term values). This will be important for investigating methane spectra up to the 14 000 cm −1 region, which is a key motivation for the present work. Tables II, IV and V). However, it is more informative to look at pure rotational energies as these are highly dependent on the molecular geometry through the moments of inertia. In Table VII The CBS-F12 HL PES consistently underestimates ground state rotational energy levels and the residual error increases systematically by about 0.00060 cm −1 at each step up in J.
Overall, the 51 energies are reproduced with a rms error of 0.02008 cm −1 . This is around two orders of magnitude larger than the empirically adjusted PES of Nikitin, Rey, and Tyuterev 44 which yields an identical value of r(C-H)= 1.08601Å for the C-H bond length but a rms error of 0.00029 cm −1 .
To help explain this discrepancy it is relatively straightforward to improve the CBS-
F12
HL results by refining the equilibrium geometry. This is done through a nonlinear leastsquares fitting to the experimental energy levels and can significantly improve the accuracy of computed intra-band rotational wavenumbers. 34, 81, 93 After two iterations refining the parameter r ref , the experimental energy levels up to J = 10 are reproduced with a rms error of 0.00018 cm −1 (see Table VII and Fig. 3 ) and this corresponds to a bond length of r(C-H)= 1.08598Å (also given in Table VI ). This value is within the uncertainty of the bond length from Nikitin, Rey, and Tyuterev 44 and is remarkably close to the original ab initio result. However, we have refrained from adopting the new equilibrium geometry for the
CBS-F12
HL PES as it leads to a poorer description of vibrational energies (see for example
Ref. 34 ), which were the main focus of this work. Residual errors ∆E(obs − calc) for computed pure rotational energies using the ab initio and empirically refined equilibrium geometry (see Table VII ).
V. CONCLUSIONS
State-of-the-art electronic structure calculations have been used to generate a new ninedimensional PES for methane. The CBS-F12
HL PES represents the most accurate ab initio surface to date. This is confirmed by the achievement of sub-wavenumber accuracy for a considerable number of vibrational energy levels including those at higher energies. Although the computed ab initio equilibrium C-H bond length was in excellent agreement with previous values, systematic errors arose in calculated pure rotational energies of 12 CH 4 .
These errors could be significantly reduced by adjusting the equilibrium geometry of the CBS-F12 HL PES. The resultant bond length was remarkably close to the original ab initio value and still consistent with prior studies.
Despite the advances in electronic structure theory the best ab initio PES is rarely accurate enough for the requirements of high-resolution spectroscopy and empirical refinement is a necessary step. Refinement can be a computationally intensive process 94 but it can produce orders-of-magnitude improvements in the accuracy of computed rovibrational energy levels. It is natural then to question the benefit of using sophisticated methods with large basis sets to generate the original ab initio surface. Whilst a better ab initio PES will lead to a superior refinement, at some stage the gain in accuracy when simulating rotation-vibration spectra will not correlate with the computational cost of improving the underlying ab initio is also provided.
